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, 1. Introduction 

CIh' In their proposed compactification of superstring [6], Candelas, Horowitz, Strominger 

I and Witten took the matric product of a maximal symmetric four dimensional spacetime 

Af with a six dimensional Calabi-Yau vacua X as the ten dimensional spacetime; they 
I identified the Yang-Mills connection with the SU(3) connection of the Calabi-Yau metric 

and set the dilaton to be a constant. To make this theory compatible with the standard 
I grand unified field theory, Witten and Horava- Witten [T^ proposed to use higher rank 

■ bundles for strong coupled heterotic string theory so that the gauge groups can be SU(4) or 
^SJ I SU(5). Mathematically, this approach relies on Uhlenbeck-Yau's theorem on constructing 

■ Hermitian- Yang-Mills connections over stable bundles '2(J'. 

Q*^ I In |18| . A. Strominger analyzed heterotic superstring background with spacetime syper- 

■ symmetry and non-zero torsion by allowing a scalar "warp factor" to multiply the spacetime 
I metric. He considered a ten dimensional spacetime that is the product M x X of a maximal 

■ symmetric four dimensional spacetime M and an internal space X; the metric on M x X 
' takes the form 

e-(^) ( ^^^If^ / ) , .ex, ye M; 

' the connection on an auxiliary bundle is Hermitian- Yang-Mills over X: 

. ^ ; F Auj^ =0, F^-" = = 0. 

, Here uj is the hermitian form cj = ^^^^g^jdz^ A dz^ . In this system, the physical relevant 

' quantities are 

h=^{d-d)u, 
6=llog\\m+6o, 



and 



4 =e2^"|lf2|li5.„ 



for a constant (^o- The spacetime supersymmetry forces D(y) to be the dilaton field. 

In order for such ansatze to provide a supersymmetric configuration, one introduces a 
Majorana-Weyl spinor e so that 

<5A" = V>e° + — e^-^/i^e" = 0, 
24 

= e"^^^yr°'^e° = 0, 
1 



where V'" is the gravitano, A° is the dilatino, x*^ is the gluino, (j) is the dilaton and h is the 
Kalb-Ramond filed strength obeying^ 

dh = a'{trF A F - tri? A R), 

where a' > 0. (For details of this discussion, please consult By suitably transform- 

ing these quantities, Strominger showed that in order to achieve space-time supersymmetry 
the internal six manifold X must be a complex manifold with a non-vanishing holomorphic 
three form Q; the Hermitian form uj must obey 

V^dduj = a'(trF A F - tri? A i?) 

and^ 

d*uj^V^{d-d) log||l]|U. 
Accordingly, he proposed to solve the system 



(1.1) FhAuj^^O; 

(1.2) F^/ = F'^'^Q; 

(1.3) V^ddu = a'itrFH AFh -tiRA R); 

(1.4) d*uj = y/^{d-d)\n\\n\\^ 



that are solutions of superstring with torsion that allows non-trivial dilaton field and Yang- 
Mills field. Here uj is the Hermitian form and R is the curvature tensor of the Hermitian 
metric w; H is the Hermitian metric and F is its curvature of a vector bundle E; the tr is 
the trace of the endomorphism bundle of either E or TX. 
In ^H], Li and Yau have proven the following useful: 

Lemma 1. The equation is equivalent to 

(1.5) d{\\n\\^u;^) = 0. 

In their paper, Li and Yau have given the first irreducible non-singular solution of the 
supersymmetric system of Strominger for t/(4) and U{5) principle bundle. They obtain 
their solutions by perturbing around the Calabi-Yau vacua paired with the gauge field that 
is the tangent connection. 

It was speculated by M. Reid that all Calabi-Yau manifolds can be deformed to each 
other through conifold transition. To achieve this goal, it is inevitable that we must work 
with non-Kahler manifolds. 

The most common examples of non-Kaehler manifolds X are some bundles over 
Calabi-Yau varieties El 13 ^2 E| ■ Because internal six manifold X is a complex mani- 
fold with a non- vanishing holomorphic three form fl, at first we may consider the T^— bundle 
{X,ui,n) over complex surface {S,uJs,i^s) with non-vanishing holomorphic 2-form fls- Ac- 
cording to the classification of complex surfaces by Enriques and Kodaira, such surfaces 
include K3 surface and complex torus (Calabi-Yau) and Kodaira surface (non-Kahler). If 
{X,oj,^}) satisfies the Strominger's equation (|1.4|) . then by Lemma 1, d{\\ \\^ ui"^) = 0. If 

"'^The curvature F of vector bundle E in ref. tlSl is real, i.e., ci{E) = But we are used to take the 
curvature F satisfying ci(E) = ^^^F. 

^See eq. (56) of ref.|19|. which corrects eq. (2.30) of ref.|18| by a minus sign. 
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we let Lo' =11 Q, \\^ to, then duo'"^ — 0, i.e., w' is a balanced metric Balanced metric 

is a very interesting concept. This was studied extensively by Michelson. For example, 
Michelson proved that the balanced condition is preserved under the proper holomorphic 
submersion. Note that Alessandrini and Bassanelli (IJ proved that this condition is also 
preserved under the modofications. Now X is balanced and holomorphic submersion tt from 
X to complex surface S is proper, so 5' is also balanced (actually 7r*w'^ is the balanced 
metric, see proposition 1.9 in ^Tj). Note that when the dimension of complex manifold is 
2, the conditions of being balanced and Kaehler concide. So S is Kaehler. Then there is no 
solution to Strominger's equation on bundles over Kodaira surface and we should only 
consider the case of K3 surface and complex torus. 

Up to now, only known example of the solution to Strominger's system on non-Kahler 
manifold is given by Cardoso, Curio, Dall'Agata and Lust in 7 . By calculating the cur- 
vature, they have given the reducible solution on the Iwasawa manifold which is some 
bundle over complex torus. 

On the other hand, when K. Becker, M. Becker , K. Dasgupta etc. finished their two 
papers on compactification of heterotic theory on non-Kahler complex manifolds O 0], 
M. Becker and K. Dasgupta in their review paper |5| think that the question of finding 
stable vector bundle for their manifolds (i.e., some bundles over K3 surfaces) is a very 
important one especially because we are no longer allowed to embed the spin connection (i.e., 
the connection with torsion ^/— 1(9— c))a>) into the gauge connection (hermitian connection). 
They think that Strominger's equations H1.3I) and H1.4|l look very restrictive and one might 
wonder if there exists any solution at all to the equations. 

In this paper, we will construct this solution on some torus bundles over K3 surface or 
complex torus provided by Goldstein and Prokushkin Let {S,lus,VIs) be a K3 surface 
or complex torus with kahler form ljs and a non- vanishing holomorphic (2,0) form Jig. Let 
u)i and W2 are anti-self-dual (1,1) forms such that |^ and ^ represent integral cohomol- 
ogy classes. Using these two forms, Goldstein and Prokushkin constructed the non-Kahler 
manifold X such that tt : A" — > 5 is a holomorphic fibration over S with hermitian form 
ujQ — 7r*LJs + -^^^(^ ^ ^ aiid holomorphic 3 form Q — fls A 6 (The definition of 6 see 9 or 
section 3). Now we construct the superstring as follows. 



Let Li and L2 be holomorphic line bundle over S such that their curvatures are V— Iwi 

and ^/— I1JJ2 respectively. Corresponding to these curvature, there exist hermitian metrics 
hi and /i2 on Li and ^2- Let E = Li ® L2 (B T'S and let Hq — (/ii, /i2, wg). Then 
Fhq = diag(-\/— l(jji, ^/—luj2, Ruis)- Let u be any smooth function on S and let 



Then {V — n* E,Tr* Fho, X,uJu) satisfies the Strominger's equation Hl.l|l . (|1.2p and H1.4|l . So 
we should only need to consider the equation H1.3() . Because uJi and lu2 are harmonic, locally 
write uji and W2 as 




(1.6) 
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uJi = dS, = d{£_idzi + S,2dz2) 



and 



072 = 9C = d{(idzi + (26^22), 



where (zi, Z2) is the local coordinate on S. Let 



Using matrix A we can calculate the curvature Ru of metric a;„ and i?„ A i?„ . Let g = {g^j ) 
if LUs — -^'-^gijdzi A dzj. We can prove 

Theorem 2. {V = n* E,it* Fhq, X,uju) is the solution of Strominger's system if and only if 
the function u of S satisfies the equation 

(1.7) Ae" • ^ + 99(e-"tr(9A A dA* ■ g-^)) + ddu A ddu ^ 0. 

In particular, when UJ2 — nuji,n G (y, 7r*i^/f(, , X, a;„) is the solution to Strominger's 
system if and only if smooth function u on S satisfies the equation: 

(1.8) Af=" + ^II-.IIL.H-8^^H=0. 



4 " J clet(9,( 

Actually we can prove that 

tr{dA A dA* ■ g-^) 

is a globally well-defined (l,l)-form on S. In particular, when uj2 = ncui, n G Z, 

-l + n^ ,, 



tr(aAA5^* -g^') = \/-l- 



Let / = II LJi Ip. If we let g'.^ = (e" — fe ")gij — 4wjj, then we can rewrite the 

equation H1.8|l as 
det g'. 

— ^ = (e" - /e-^)2 + 2{(e" + /e^") | I' +6"" A / - 2e-" V " ' V/} 
det g.j 

We solve equation H1.7() by the continuity method [22]. We will prove 

Theorem 3. There is an unique solution of equation jj. ?| ) under the elliptic condition 
e"ws + V^e""tr(9ylA9yl* ■ g^^) -2y/^ddu > and t/ie normalization e~" = A << 1. 
^/'-^2 = nuji, then 

A < min |l,Cf ^ (max{(7^ (2C•l)^ (1 + sup/), 16(maxi?,jfe;- + 1)}) 

where Ci depends only on S (it can be written by P. Li's notation in 16 ) and constant B 
is 

— — 

Actually we can get the estimate inf m > — In Ci — -j In A. So if ^ < Cj^ ^ , then inf m > 0. 
This is important in our estimate. 

Fix the solution u of equation 1)1.7(1 . Then according to theorem 2, we get the reducible so- 
lution (y, Ft^*Ho j X: ^u)- It can be extended to a family of irreducible solution by perturbing 
around it. So we follow Li-Yau's method and get the following 

Theorem 4. Let [E, Hq, S, ujs) be as before. Fix its holomorphic structure Dq. Then there 
is a smooth deformation Z?" of (E^Dq) so that there are Hermitian- Yang- Mills metric Hg 
on {E,Ds) and smooth function (ps on S such that 



V = 7r*£;,7r*L>;',7r*iJ,,7r*(e"+'^=u;s) + A 

are the irreducible solutions to strominger's system on X and so that limg^o (pg — and 
lims^o Hs is a regular reducible hermitian Yang-Mills connection on E = Li (B L2 ® TS. 
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The organization of the paper is as foUows: sect. 2 is a review of some resuhs of paper 
[S]. In sect. 3 we calculate tri?Ai?. Then we can construct the reducible solution (Theorem 
2) in sect. 4 and get irreducible solution (theorem 4) in sect. 5. From sect. 6, we solve the 
equation H1.7|) (Theorem 3) by continuity method. At first, we prove the openness in sect. 6. 
We do the estimates up to third order from sect. 7 to sect. 10. In order to write everything 
down clearly and easily, we do estimates only to equation 1)1. 8|l . Then we summarize the 
estimates in sect. 11 to get the closeness for equation 1)1.8(1 . Finally, in sect. 12, we explain 
why we can easily generalize our estimates for equation H1.8|l to estimates for equation (|1.7|l . 

Acknowledgement. J.X. Fu would like to thank Professor Jun Li for interesting discus- 
sions and helps. The Proposition 15 is due to Jun Li. J.X. Fu is supported by NSFC grant 
10471026. S.T. Yau is supported partially by NSF grants DMS-0306600 and DMS-0074329. 

2. Geometric Modules 

In this section, we take Goldestein and Prokushkin's geometric model for complex non- 
Kahler manifolds with SU{3) structure We organize their some results as the following: 

Theorem 5. j5] Let {S,LUs,D,g) be a Calabi-Yau 2-fold with a non-vanishing holomorphic 

(2.0) — form fig. Let Ui and lj2 be closed 2-forms on S satisfying the following conditions: 

(1) . oji and UJ2 are anti- self dual {l,l)-forms, *0Ji = —oji,*oj2 = —ui2, which are equivalent 
to 

(2.1) wiAw5 = 0, Ci;2Aw5 = 0. 

(2) . ^ and ^ represent integral cohomology classes. 

Then there is a hermitian 3-fold X such that tt : X —> S is a holomorphic -fibration over 
S such that following holds: 

L For any 1-forms a and [3 defined on some open subset of S and satisfying da = uji and 
dp = L02 there are local coordinates x and y on X such that dx + idy is a holomorphic form 
on T"^ -fibers and the metric on X has the following form: 

(2.2) gQ^TT*g + {dx + TT*af + {dy + Ti*(3Y 

where g is the Calabi-Yau metric on S corresponding to Kahler form los- 

2. X admits a nowhere vanishing holomorphic (3,0)-/orm with unit length: 

Vl = {{dx + 7r*a) + i{dy + n* P)) A 7r*ils 

3. If either uji or LO2 represent a non-trivial cohomological class then X admits no Kahler 
metric. 

4. But X is a balanced manifold |17| . Actually hermitian form 

(2.3) uJo ^ TT*ujs + (dx + TT*a) /\ {dy n*P); 

corresponding to the metric 1^2.2^) is balanced, i.e., duj^ — 0; 

5. Furthermore, for any smooth function u on S , the hermitian metric 

uju = TT*[e^uos) + {dx + TT*a) A {dy + n* P) 

is also balanced. 

Goldestein and Prokushkin also have studied the cohomology of this non-Kahler manifold 

X: 

;ii'0(x) = /ii'0(5), 

h"-\X) ^ h'^-^S) + I; 
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In particular 
Moreover, 



and 



h°'\X)^h^''^{X) + l. 

bi{X) = bi{S) + 1, when lu2 — nuji, 

bi{X) = bi{S), when lu2 ^ noji, 

b2{X) = b2{S) — 1, when lj2 = nui, 

b2{X) — b2{S) — 2, when lu2 7^ nui 

bsiX) = 0. 



3. The calculation of trR A R 

In order to calculate the curvature R and trRAR, we should express the Hcrmitian metric 
H2.2|) under some basis of holomorphic (1,0) vector fields. So at first we should write down 
the complex structure on X. Let {U,Zj = xj + \/—lyj,j = 1,2} be a local coordinate in 
S. The horizontal lifts of vector fields g|- and which are in the kernel of dx + '!T*a and 
dy + 7r*l3 are 



d 



dxi 



d \ d 



^j-^-«h^h^-/3h^h^ for J = 1,2, 



dx-j J dx 



d \ d 



dxj J dy 



dyj J dx 



dyjj dy 



Then the complex structure / on X is defined as 

IX J = Yj, lYj = -Xj, 
~ d d ~ d d 

dx dy' dy dx 



for j 



1,2, 



Let 



Uo 



X,-V^IX,=X,-V^Y,, 



d_ 

dx 



dx 



d_ 

dx 



dy' 



Then {Uj, Uq} is the basis of the (1,0) vector fields on X. Under this basis, the metric H2.2() 
takes the following hermitian matrix: 



(3.1) 



{9^]) 





because Ui and U2 are in the kernel of dx + n*a and dy + t:* (3. Let 
(3.2) e = dx + V^dy + 7T*{a + V^P) 

It's easily checked that {TT*dzj, 9} annihilates the {Uj, Uq} and is the basis of (0,1) forms on 
X. So {7T*dzj,9} are (1,0) forms on X. Certainly Tr*dzj are holomorphic (1,0) forms and 9 
is not. So we should construct another holomorphic (1,0) form on X. Because ui and 0^2 
are harmonic forms on S, dui — duj2 = 0. Locally we can find (1,0) forms ^ = iidzi +£,2dz2 
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and — Cidzi + C2'^^2 on S , where and Q are smooth complex functions on some open 
set of S, such that uji = and uj2 — d(^. Let 

= {dx + ^f^dy) + TT* (a + - vr* + V^C) 

We claim that 0o is the holomorphic (1,0) form. By our construction, 6*0 is the (1,0) form. 
So we should only explain that 6*0 is holomorphic. Because 6* is a (l,0)-form on X, then dO 
is a (2,0)-form. But dO = d{dx + ^J~^dy + 7r*(a + \/^/3)) = 7r*(cji + ^/^uj2) is a (1,1) 
form on X. So 

(3.3) 961 and 89 ^ dO ^ tt*{lui + ^^2). 
Thus we have 

— 7r*{uJi + \/^LlJ2) — 7r*(a;i + V^ui2) = 

So 9q is the holomorphic (1,0) form and {n*dzj,6o} is the basis of holomorphic (1,0) forms 
on X . Therefore we can construct the basis of holomorphic vector fields, which is dual to 
the basis of {Tr*dzj, Oq}. Let 

^j^^,+V^Q for J = 1,2 

and 

{/, = Uj + ipjUo for J = 1, 2 

Then it's easily checked that {Uj, Uq} is dual to {n*dzj, 6'o} because Uj is in the kernel of 
0. So it's the basis of holomorphic (1,0) vector fields. Under this basis, the metric 50 takes 
the following hermitian matrix: 

/ I ? 9l2 + fW2 VI 

(3.4) Hx = 921 + V2^x 922+ I ^2 P ip2 

\ ^1 '?2 1 

where g is the Calabi-Yau metric on S and A — ((pi, 1P2Y ■ 

According to Strominger's explain in ref |18| . when the manifold is not Kahler, we should 
take the curvature of Hermitian connection on the holomorphic tangent bundle T'X . Us- 
ing the metric (|3.4|) . we can easily calculate the connection and curvature. By directly 
calculation, we get the curvature 

where 

-Rii = Rs + dAA{dA* ■g-^) + A-didA* -g-^^) 

= -RsA + {dg-g~^)AdA-dA/\(dA* ■g~^)A 
-Ad{dA* ■ g-^)A + A{dA* ■g-^)/\dA + ddA 
R21 = d{dA*-g-') 

R22 = -d{dA* ■g-^)A+{dA* ■g-^)/\dA 

and Rs is the curvature of Calabi-Yau metric g on 5. It is easily checked that tr(dA/\ {dA* ■ 
ff-i) + A ■ d{dA* ■ g-^ j) - d{dA* ■ g-^)A + {dA* ■ g-^) A = 0. So tri? = 7r*tri?5. 

Proposition 6. |10| The Ricci forms of the hermitian connections on X and S have the 
relation trR = ir* trRs ■ 

7 



g + A - A* A 
A* 1 



Remark 7. In the above calculation, we don't use the condition that the metric g on S is 
Calabi- Yau. 

Next we should calculate the tri? A R. 

Proposition 8. 

(3.5) trRAR = 7r*(triis A Rs + 2trdd(dA A dA* ■ g''^)). 

Proof. We take the following trick. Fix the point p & S and pick A such that A{p) = 0, e.g., 
we can take the gauge transformation to get this point. So when we calculate the tri? A R 
at the point p, all terms containing the factor A will vanish. Thus 

tiRAR 

= tr Rs ARs + 2tiRs AdAA {dA* ■ g''^) 

+2tr% • g-^ AdAA d{dA* ■ g'^) + 2tYddA A d{dA* ■ g'^) 

+trdA A {{dA* ■ g-^) AdAA {dA* ■ g-^)) 

+ {{dA* ■ g-^) AdAA{dA* ■ g-^)) AdA 
= tiRs ARs + 2tTRs AdAA{dA* ■ g-^) 

+2tidg ■ g-^ AdAA d{dA* ■ g'^) + 2txddA A d{dA* ■ g'^) 

We finish the proof of this proposition by proof of the following two claims. 
Claim 1. 

trdd(dAAdA* ■ g-^) = tvRs AdA A {dA* ■ g'^) 

+tYdg -g-^ AdAA d{dA* ■ g''^) 
+t^ddAAd{dA* ■ g-^) 



Proof. 



iYdd(dAAdA* ■ g-^) 

-tTd(dAAd{dA* ■ g-^)) 

iYddA A d{dA* ■ g^^) + ii'dA A dd{dA* ■ g^^) 

tvddA A d{dA* ■ g''^) + tvdA A d{dA* Adg''^) 

tvddA A d{dA* ■ g''^) - tvdA A d{dA* ■ c/"^ A dg ■ g"^) 

lYddA A d{dA* ■ g'^) - tvdA A d{dA* ■ g'^) A dg ■ g'^ 

+ixdA A {dA* ■ g-^) A d{dg ■ g'^) 

trddA A d{dA* ■ 5"^) - trdA A d{dA* ■ g'^) A dg ■ g'^ 

+tidA A {dA* ■ g-^) A Rs 

ii(ddA A d{dA* ■ g-^)) + iv{Rs AdAA dA* ■ g-^) 
+tv{dg ■ g-^ AdAA d{dA* ■ g''^) 



□ 



Claim 2. tv{dAAdA* ■ g-'^) is the well-defined (l,l)-form on S. 

Proof. We take local coordinates {U, Zi) and {W, wj) on S such that UdW ^ ^. Let Jacobi 
matrix J = {^). We can let 

{u)i + y/^uj2) \u= d{ipidzi + ip2dz2) = dipi A dzi + dip2 A dz2 



{lji + \/—luj2) \w— 9(71 dwi + ^2dw2) = (?7i A dwi + A dw2 
Then onUC^W, 

So 

(3.6) ( dipi d(p2 ) = ( 971 572 ) J 
On the other hand, we have 

(3.7) g[z) = J'g{w)l 

where g{z) = {gijiz)) and g{w) = {gfj{w)) denote the metrics on U and W respectively. 
Then onU C^W, from l|X^ . (|T7|l . we calculate 

)M 972 )-g-\u;) 

= ) ^( ^ ^ ) -^^'H 

= ( ) ^ ( ^ 1^) J-i-J-g-i(z)-J* 

= t^--^* • (^*)"' ( ) ^ ( ^ I^)-.9-'W 

= tr(^ ) A( a^i 5^2 )-g-\z) 

which proves that tr(9yl A dA* ■ g~^) is the well-defined (f ,1) form on S. □ 

□ 

Although tr3^ A dA* ■ g^^ is the well-defined (1,1) form on we can not express it by 
uji and UJ2- But in the particular case, we can do it. 

Proposition 9. When cj2 — nuji, n G Z, 

(3.8) tr9^ A dA* ■ = ^(1 + n^) \\ lu, cos 
where lus is the given Calabi-Yau metric on S. 

Proof. We recall that locally, we have 

UJ2 ^ Be, C = Cidzi + C2dz2, 
<Pj = ^j+V^Cj, for .7 = 1,2 

A ^ (^;), A* = i,. ^2). 

When UJ2 = ntJijWe take Q — n^. Then dQ = ndS^j. So 

5..(|-)Ml.„vn,(|) 

and 

dA* = ( d^i 3^2 ) = (1 - ( dli 0^2 ) 
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Using above equalities, locally we calculate 
irdA A dA* ■ g-^ 
=(l+n>(^ 1^ ) A( 96 96 )-g-' 



(3.9) ^i±Z^,, f ft'^^"^ ]A{m,.. 1E,.A.( -922 -512 



-tr ' A ^dz, ^dz, , , 

detg \^ f|dz, y V dz, 3 dz, 1 J y -921 

In order to get the global formula, we need some formulas about lui. Because ui is real, 
have 

(3.10) 1^ = -!^ for J = 1,2 

OZj OZi 

From uji is anti-self-dual, i.e., wi A tos = 0, locally we have 

(722 az\ az\ OZ2 

Because 

^2 

(3.12) wi A 0^1 = — cji A *a;i = — cji * iIji = — j| o^i ||^ 

locally we also have 

1 /96 96 96 96 \ 1,1 
^^■^^^ d^ [W.dE, - dF^dFj " 8 " " 

Now using above (|3.10() , (|3.11() and (|3.13() , we can calculate the component of dzi A dzi 

1 + ( 96 96 96 96 96 96 96 96\ 
det(5) \ ozi ozi ozi ozi ozi ozi ozi ozi J 

1 + f 96 96 , 96 96 / 96 \ ' 96 96 \ 



(3.14) 



det(5) \ ozi OZ2 oziozi \9zi/ ozi 0Z2 

i+Z^/96 / 96 ^ 96\ /96 V 96 96' 

det(5) \ozi \ 0Z2 ozi J \9zi/ ozi 0Z2 

det(5) \dzi \ dz2 ' dzi J \dzi) dzi dz2 

l + n^ /96 96_ 96 96 
det(5)^^^ V9^i 9z2 dzi dz2 

1+"' II ||2 

— ^ — II ^1 II 5ii 
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As the same reason, the components of dz2 A dzi, dzi A dz2 and dz2 A dz2 in (|3.9|l are 
II t^i IP 5i2, II ^^1 IP 521 and || t^i |p 522 respectively. So we obtain 

trdAAdA* • -"^ 



1 + 



5s 

"^1 IP (511^^1 ^ cJ^i + 9i2dz2 A dzi + g2idzi A + 522*^^2 A (iz2) 



-(l + n^) II ||2 



□ 



4. Constructing the reducible solution to Strominger's system 

We take the 3-dimensional hermitian manifolds {X,ujq,I) as described in section 2. Let 
uJs is the Calabi-Yau metric on S. From H2.3|l and H3.2|l . the Kahler form ujq is 



ujQ = t: UJs + 

z 

Using H3.3|) and the facts that || Q \\~ 1 and lui and 102 are anti-self-dual, we have 
d{\\ n \U u;l) 



(4.1) 



diol = d{TT*LUg + y/^Tr*LL)s A0 Ai 







-l'K*LUs AdO AO - \/^7r*W5 AO AdO 

-\ti*ljJs a [uji + V^tJ2) A ^ — \/^7r*cj5 A (wi — \/^tJ2) A 1 



According to Lemma 1, (a;o,f^) is the solution of equation 
function on S and take 



Let u be the smooth 



(4.2) 
Then 

and 



oJu = 7r*(e"w5) + 



'Ai 



1 

121! 



||17||^„c^2 ^ e-"(e2"L^2 ^x/^e"wsA0A^) 
- c.2 + (e"-l)4 

From (|4.1|l . we obtain 

d(|| ||^„ cj2) ^ dcog + d(e" - 1) A = 
and we have proven the following 

Lemma 10. 9 The metric i4-^ defined over X satisfies the equation lil.5\) and so satisfies 
the equation jj.^l ). 

Now we construct the solutions to Strominger's system. Because ^ £ i/^'^(5,R) n 
H'^{S,'Z), there are holomorphic line bundles Li and L2 over S such that their curvatures 
of hermitian connections are ^/—luji and V— 1^2 respectively. Corresponding to these cur- 
vatures, there exist hermitian metrics hi and /12 on Li and L2 because 5* is Kahler. Let 



(4.3) 



E = Li®L2®T'S 
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and let 

The curvature Fhq of E is 
(4.4) Fho 



Ho = {hi,h2,ujs). 



Rs 



where Rs is the curvature of T'S corresponding to the hermitian metric wg. Let V — tt* E, 
and let Ff^^ — 'k*Fho- We try to make (V, , X, a;„) to be the solution to Strominger's 
system. 

Lemma 11. For any smooth Junction u on S , (V, Ff^ , X, lOu) satisfies the equations M.l]) . 
113) and 

Proof. By lemma 10, equation H1.4|l is satisfied. Because lji, L02 and Rs are (1,1) forms on 
S, Ff, is the (1,1) form on X. So Fjf = 0. We also have 

"0 Ho Ho 

Fjj^^ Au;l^ n*{FHo A e^c^s) A (^*(e Vs) + A ^) = 

by facts lui A us — 0J2 A ujs = and Rs Aujs = 0- □ 

So we only need to consider the equation (|1.3|l . We take the factor a' — then 
(y, , X, a;„) should satisfy the equation 

(4.5) V^dduju = ^(tri^Ho A - tri?„ A i?„) 

here i?„ denotes the curvature of Hermitian connection on T'X corresponding to the her- 
mitian metric a;„. Now we calculate each term in equation (|4.5|l . The Laplace operator A 
on S is define by A ~ d* od associate the Calabi-Yau metric ojs- So for any smooth function 
ip on S, 

, ,2 



(4.6) 

Claim 3. 



2! 



LUl 



LU2 



Proof Using (Q, gSjl and fTT^ . we get 



Idduju 



-ia9(e"ws 



J 2! 



A 61) 



Ae" . ^ _ - (wi + V^cja) A (cji - ^/^ws) 
^2 -j^ 

Ae" • ^ - - (wi A t^i + W2 A UJ2) 



Ae".^ + l(||., 



CJ2 



' 2! 



□ 



Clam 4. trF//„ A Fh^ - (|1 c^i 11' + II ^^2 |r)^ + tri?s A Rs 



■^We can take a' = 1, only if we take the metric 2uJu 
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Proof. From (|4.4|l . we have 

trFff-g A Fhq = —LOi A uJi — UJ2 A UJ2 + tri?s A Rs 

^2 

= (II c^i ||2 + II |P)^+tri?s A i?5 

□ 

Claim 5. tri?„ A i?„ = 7r*tri?s ARs + 2Tr*{ddu A ddu) + 27r*(a5(e-"tr(a^ A 5^* • .gs)) A u). 

Proof. Actually in the proof of the Proposition 8 we don't use the condition that los is 
Kahler. So if we replace metric g by e^g, we can still get: 

tri?„ A Ru =7r*(tri?g A i?^ + 2iYdd{dA A dA* ■ {e^gy^)) 

^"^■"^^ =7r*(tri?g A i?^ + 29a(e-"tr(aA A 9^* • g-^))) 

here i?^ denotes the curvature of hermitian connection of T' S corresponding to the hermitian 
metric e^g. So 

Rl = d{d{e-g)-{e-g)-') 
= d{du ■ I + dg ■ g-^) 
= ddu-I + Rs 

and 

tri?^ A R'i =tri?s A Rs + 2ddu A ddu + 2ddu A tvRs 

(4.8) s s ^ * _ _ 

=tri?s ARs + 2ddu A ddu 

here we use the fact that tri?5 — because the hermitian metric g is the Calabi-Yau metric 
on S. Inserting (|4.8|) into 1)4. 7|l . we have proven the claim. □ 

From Claim 3, Claim 4, and Claim 5, we can rewrite the equation (14.5(1 as 

(4.9) Ae" • ^ + 99(e~"tr(9^ A dA* ■ g-^) + ddu A ddu ^ 
Now we can prove 

Theorem 12. (V, F,^* Hot ^j'^u) is the solution of Strominger's system if and only if the 
function u of S satisfies the equation \4-^ - ^""^ particular, when LO2 — nuji, n G Z, 
(y, X, cjtj) is the solution to Strominger's system if and only if smooth function u 

on S satisfies the equation: 

(4.10) A (^e" + ii±!!!l II e-"j ^ + ddu A ddu = 
or 



(4.11) ^^^" + ^il-ll-n-«d^^-0 

Proof. We only need to prove the second part of theorem. When uj2 = nuji, from Proposition 
9 and H4.6|l . we have 

dd{e^''tr{dA A dA* ■ g-y) = ^^(1 + ^2)99(6-" || ||2) A c^s 

- ^A(e-«||.,|P)f 

13 



So the equation H4.10|l follows from equation H4.9|l . Equation (|4.11|) is derived from 

dduAddu = 2det{uij)dzi /\ dzi A dz2 /\ dz2 
__ g det(Mij) ujI 
det{g,j) 2! ' 

□ 

5. IRREDUCIBLE SOLUTION 

We have constructed the following reducible solution: {V,tt* Hq, X,iUu) if u G C°°{S,R) 
is the solution of the equation 

(5.1) %/^99e" A ws + dd{e-''tr{dA A OA* ■ g'^)) + ddu A ddu = 
satisfying elliptic condition 

(5.2) e"t^5 + V^e-"ti{dA A dA* ■ g-^) - 2V^ddu > 
and normalization 

Js 

From the next section to the end of the paper, we will prove that the equation H5.1(l has a 
unique solution if A << 1. So in this section, we assume that u is the solution of equation 
l|5.1|) . We will obtain the irreducible solution by perturbing around the reducible solution 
{V,Tr* Ho, X,uju)- We follow the Li-Yau's method [H]. 

Let D'^ be a family of holomorphic structures on E over S, H he a, hermitian metric on 
E over S and a; be a hermitian metric on S. We want to look for conditions on _D", H and 
and function such that under these conditions (V, 7r*_D", 7r*iJ, X, oj^^-^) is the solution to 
Strominger's solution, where 

= 7r*ie''+'f'iu) + ^0 AO. 

Fix the metric Hq as the reference metric on E over S. Then for any hermitian metric 
H on E, we can define a smooth endomorphism h on E by 

< S,t >H — < S ■ h,t >Ho ■ 

Under this isomorphism, we define Ti{E)i be the space of all hermitian metric on E whose 
corresponding endomorphism has determinant one. Let C{oJs) = {e'^wg} be the space 
of all hermitian metrics on S which are conformal to ujs- Let End'^ E' be the vector 
bundle of traceless hermitian anti-symmetric endomorphisms of {E,Hq). Let Ti.Q{S) ~ 

{V'^l/5V'^ = o|. We define the operator 

L = Li e La : HiiE) x C{ujs) ^ f^R(End° E) ® HoiS) 

by 

(5.3) Li{h,e'''ujs) ^e'/'h-^Ehh^ Aojs 

L2{h, e'^ojs) =V^ddie"+'t>ujs) + dd{e-''-hiidA A dA* ■ g'^)) 

(5.4) _ _ 1 

+ dd{u + 0) A dd{u + 0) - -(tri^,, AFh- ti-FH, A Fh,) 
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Because Fh = + D'aiD'^h ■ h^^) and Fho A = 0, then 

e'l'h-^/^Fhh^/^ A ws = e'''D'^{D'ah ■ h-^) A ujg 
and from the notation of paper |2()j . we get 

tY{e'>'h-^'^Fhh^'^ A ojs) = e'l'D'^iD'^iYlogh) A t^s = 

because det h — 1. So the image of Li hes in r2g(End'^ E). As to L2, according to 9(9-lemma 

on K3 surface, the image of L2 Hes in R{ddc)- Because for any ^/^dda € R{^/^^B), we 

_ 2 2 

can write \/— 199q; = V'"^ for some function ■0 such that V'^r = 0. So the image of L2 

Hes in 'Ho{S). Therefore the operator L is well-defined. 

Proposition 13. If {h,e'^ujs) G kerL, then {V,n*DQ,TT*h,uJu+(p) is the solution of Stro- 
minger's system. 

Proof. According to paper 15 , {V,TT*DQ,7T*h,X,u!u+^) is the solution to Strominger's sys- 
tem if and only if (7r*/i, cij„+0) lies in the kernel of the operator: 

L = i-i ® L2 ® L3 : HiV)i X mX) -> f]!|(End° V) ® R{dd^) ® J 

defined by 

ii{h,u;) = h^^FjJi^ Mb"^ 

L2{h,'^) = v^ddCj - i (trF^ A - tri?^ A i?^, ) 
Laikdi) = *^„d{\\ n Co^) 
We want to reduce above operator L to vector bundle E over S. When {h, a;) = {TT*h, uju+4,), 
Li(7r*/i,w„+0) = Tr*{h-^Fhh^) A{LUu+4,f 

= 7T*{h-^Fhh^ A (e"+"^tJ5)) A (7r*(e"+*cJs) + A 0) 

= 7r*e" • 7r*Li(/i, e-^ws) A (7r*(e"+'^tJs) + x/^fi" A 
then (/i, e'^ws) € kerLi if and only if (7r*/i, Wu^^) g kerLi. 

Next we consider L2. When {h,ui) — (Tr*h,uJu+4>), t>y Proposition 8 and as explained in 
section 4, we have 

tri?^^^^ A - 7r*(tri?,(„+^,^^ A -f 2aa(e-"-^tr(5^ A dA* ■ gZ^))) 

Meanwhile we have 

and thus 

tri?e(,,+,/.)^3 A Re{u+4>)^s ^ 293(m -I- 0) A + 4>) + tvR^^ A i?!^^ 
because tri?;^^ ~ 0. Then we see that 

ti--Ru;„+^ A = 7r*{2a9(w + 0) Aaa(u + </>) +tr(i?„s Ai?^s) 

-h25a(e""~"*tr(aA A • ^J^^))} 
Using above equality, we can obtain 

L2(7r*/i,cj") = 7r*{y^dd{e^"+'''^uJs) + dd{e-''-hr{dAAdA* -g-^)) 

+dd{u + 0) A dd{u 0) - i(tri;^ft A Fh - trFff, A F^^J} 

= 7r*(L2(/i, e"^ws)) 
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So L2(7r*/i,e"w) = if and only if L2(/i,w) = 0. 

As to L3, by Lemma 10, we always have L3(7r*/i, a;„+0) — *oi^(|| ^ ^0- ^ 

Certainly, the statement that (V, t:* Dq, tt* Hq, oJu) is the solution is equivalent to say that 
(/,cjs) G kerL. Now we follow Li and Yau's paper CLSl. Let R+2 = {T = (ri,T2) G | 
Ti > 0}; let /i, I2 and /a be the identity endomorphisms of Li, L2 and T'S respectively. 
Then the assignment 

T = (Ti, T2) e M+2 /it - Ti/i ® Ta/s © T^^'^T^^'^h 

associated each T G to a hermitian endomorphism of Obviously, the hermitian 
curvature Fh^. = Fhq- Therefore we still have {hT,uJs) G kerL. 

Pick an integer k and a large p and endow the domain and the target of Li ® L2 the 
Banach space structures as indicated: 

Li © L2 becomes a smooth operator and its linearized operator JLi (5L2 at a solution 
(JittOJs) becomes a linear map 

17"(Her°£;)iP © -> r!^(End°£;)^._^ © ^o(5)l^. 

Here we used Her"i? to denote the R-sub-vector bundle of Endi? consisting of traceless 
pointwise < , >-hermitian symmetric endormorphisms of E and the canonical isomorphisms 
Th^HiiE)LP = n°{ ReT°E)LP. Clearly we also have T^^C{lus)lI = 

To study the kernel and the cokernel of (5Li © dJj2 at a trivial solution {hT,i^s) we will 
first look at the linear map 

F(5h) = D'iD'^^t^^{5h)hujs : f^"(Her°£;)iP ^ii^nd'' E)li_^. 

Here according to our convention, Dh-j. — D'q ^ © Dq is the hermitian connection of 
iE,D'^,hT) for a T = iTi,T2) G R+^. Since (K^o) = © ^2 © ^5 and degL, = 0, 
the above is a linear elliptic operator of index whose kernel is 

Vo - {Ml • h © M2 ■ h © -(Ml/2 + M2/2)/3} 

and whose cokernel is 

(5.5) Vi^Lol-VoC f^^(End°S)iP_^ . 

We let P be the obvious projection 

P : f]4(End"i?)iP_^ ni{^ndPE)LiJVi. 

Proposition 14. Let {S,uJs), ^S: Hq andT — {Ti,T2) G be as before. Then the linear 
operator 

P o SLi{hT,ujs) © S'L2{hT,ujs) ■ 

n\Her''E)Li © {<Aws}l- ^ r!^(End" © Ho(^)l^_^ 

is surjective. 

Proof. Because Fhj, — Fhq and 6uj = (jiujs for some smooth function 4>, 

hT'^Fh^h^ A (5w = 0. 

Then 

dL-i{hT,u;s){dh,Suj) = D'^D'f^^Sh hus 
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So 

is surjective and 

(5.6) kei F o 6Lx{hT,ojs) ^Vo® {(j)OJs}Ll 
On the other hand, when Suj = (pLOs, 

SL2{hT, 0Js){Sh, (f>ius) = V^dd{e"<j>ujs) - 95(e-"0tr(a^ A dA* ■ g-^)) 

+2ddu A ddcj} - trSFh^ (Sh) A Fh^ 

Because tTSFh^iSh) A e Ho(5'), we only need to prove that 5L2(/it,ws) : 0®{4>ujs}lI ~^ 
7io{S)LP ^ is surjective because we have (|5.6ll . So we should solve the following equation: 

_ _ ^2 

(5.7) \/^a9(e"0ws) - dd{e-''(f>tr{dA A dA* ■ g^^)) + 2ddu A ddc/) = 

for any ip G ^^-2 such that / -0 = 0. If we define the linear operator L from to L^_2 by 
i(0) = %/^59(e"<?!>tJs) - a5(e~"#r(aA A 9^* • gg^)) + 2ddu A 990 

then L is the linearization of equation H5.2(l and we will prove ker L* —S. and dim ker L = 1 
in section 6. So HaiS) _L keri*. From the elliptic condition, the operator L is elliptic. So 
the equation (|5.7|) has solution £ for any ip E such that J ?/; = 0. Thus we have 

proven that P o SLi © 6L2 is surjective and it's kernel is to Vq © kerL. □ 

Now we deform the holomorphic structure Dq. The following proposition is due to Jun 

Li. 

Proposition 15. There is a family D" of deformations of holomorphic structures of E 
so that its k-th order for k < m Kodaira- Spencer class k all vanish while its m-th order 
Kodaira- Spencer class has non-vanishing summands in H^(L)^ TS) and H^{TS'^ (8" Li). 

Proof. (Given by Jun Li) Because degLi = and TS is slope stable with respect to the 
Hodge class wg, TS has no global sections. Using the Serre duality, H'^{Li ® TS) = 
as well. Thus to compute H-^{L^ (g) TS), we use Riemann-Roch for K3 surfaces 

x(Lr ® TS) - ici(ir ® TS)^ + 2x{Os) ~ C2{Lt ® TS) 

Because ci{L)( ® TS) = -2ci{L,) and C2(L,^ TS) = C2{TS) + ci(L,)2 = 20 + Cl(L,)^ we 
have 

h'^{Lt ® TS) = 16 - ci(L,)^ > 16. 
Here the last inequality follows from ci{Li) ■ ljs = and the Hodge index theorem. 
For the same reason, we have 

h^TS"" (E)L,) > 16. 

Now consider the vector bundle 

E = Li®L2® TS. 
The extension group Ext"'^(£', i?) has summands 

(5.8) Ext^(i„r5) and Ext^(T5, i,), 

which are H^{L^ (g) TS) and H^{TS'^ (S) Li), respectively; hence are positive dimension. 
Thus we can find a direction rj S Ext"'^(i?, E) that has non-trivial components in the desired 
factors H5.8|l . 
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It remains to show that rj can be reahzed as the tangent of an actual deformation. But 
this may not be true since the obstruction to deformation of E is the traceless part of 
Ext^(i?, E), which is isomorphic two copies of H'^{Os) ^ C What is true is that there is a 
family of deformations of holomorphic structures of E, denoted by ds so that 

- 

|s=o= 0, k <m 

and 

_ 

has non-trivial exponents in H5.8(l . □ 

Actually, we can define the Kuranish map K :U ^ Ext'^{E, E), where U IS some open 
neighborhood of origin in Ext^(i?, E). K is the holomorphic map and the complex analytic 
variety X = K^^{0) is the parametric space of all holomorphic structures on E near Dq. 
Considering the dimensions of Ext^(i?, and Ext^(£',i?), we can choose an element 

such that Ci3 ^ and C^j ^ for I < i, j < 2 and r/ belongs to the tangent cone of X at 
the point Dq. So there is a curve I?" of degree m of smooth deformation of the holomorphic 
structure Dq. If we write 

D'^ = D'^ + A,, A, e n"^\End°E), 

then A^^^ = for fc < m and Aq™^ = rj. We are £)Q-harmonic. Because 

PicS is discrete, we can assume further that tiAg = for all s. 

With the connection forms As , the metric Hq and Kahler form us so chosen, we can now 
define operators 

U^ © U,2 : ni{E)Li X C{lus)lI ^ f^^(End° E)li_^ © ^o(5)l^_, 

with Lg i defined as in 1)5. 3|l and (|5.4II of which the curvature form is replaced by the 
hermitian curvature of {E, D'^ , h): 

Fs,h — Dsji o Ds^h- 

From paper ^B], we have 

Fs,h = Fs+D':iD'sh-h) 

and 

Fs^Fo + {D'^ + D'q){As - AD - {As - AD A - A* ) 
Because trAg = 0, det h ~ 1 and Fq /MlJs — 0, 

trLs,i(/i, e'i'ujs) = ehih-'^/^FsMh^^^ A = 
So Ls,i still hes in fl^(End'^ E) i^p ^. Let P be the projection from Q'^(End'^ E) i^p ^ © 
Tio{S)i^p ^ to f2j|(End°£')iP ^/yi®'Ho{S)Ll ^- Because we have proven that the linearized 
operator of Po Lo,i © Lo,2 is surjective at {hT„,Los). Hence by the implicit theorem, for suf- 
ficiently small s there are smooth solutions {hs^r, ^s,t) to Po Lg^i ©Ls,2 ~ near (/ij;,, ws)- 
We can assume that the solutions {hs,TT^s,T) can be parameterized by 

(s,r) G [0,a) X B,(To,i) X B,{Tq^2) 
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where Tq — (To_i,To_2)- For simplicity, we denote by Fs^t the curvature of the hermitian 
vector bundle {E, D'^ , hg^r)- By our construction, it satisfies 

Lsa(i?s,T,t^s,T) = mod Vl, Ls,2(-ffs,T, Ws,t) = 0. 

Hence to find solutions to Ls,i ® Ls^2 = it suffices to investigate the vanishing loci of the 
functional ri(s, •) from B^{To^i) to the Lie algebra u{Li) defined by 

(5.9) r,(s,T)=/ [Ls,TiHs,T,ujs,T)],AiOs 

Jx 

where is the projection from ilg(End° E) to r2J(u(Li)) and u{Li) is the bundle of < , >- 
hermitian antisymmetric endomorphisms of Li. 

We shall compute r[''\o,T) for all T and for all k < 2m. Because Ug^r € C{ujs), we can 
write Ws.T = 4>s,t^s for some positive functions (j)s,T on S such that (I>o,t = 1- Then we 
have 

(5.10) ^ \s=0 i^s,T = (t>0 T^S- 

On the other hand, since {hs^r ,^s.t) are solutions to Ls,i © Ls,2 = mod Vi, there is a 
fimction c(s, T) taking values in Vi with c(0, T) = so that 



(5.11) F,,T A uJs,T = /i,,|^c(s, T)hlT. 
We can write 

c(s, T) = diag (Mi(s, T), Af2(s, T), -(Mi(s, T)/2 + Nhis, T)/2)h) ■ loI 

where Mi(s,T) is the function only depending on s and T. 

At first, we compute rf^\o,T) for any T and fc < m — 1. When fc < m — 1, Aq'^'' = 0. 
Then 

(5.12) f'J = . (Vt)^'-'^]- 
Because -Dq'^t = 0, Fq^t = DqIDqIiq^t ■ h^^] and 

^ |s=0 ^^/Is.T ^s,T'ls^TJ — "0,T -'^0,T'lo,T- 

We also have Fq^t A = 0. Combining these equalities with (|5.1U|) . 

r,(0,T)= / T-'/^[Fo.ThTl^^ AiOs+ [ T-'/^[Fo.ThT'/^ A ius ^ 
Js Js 

On the other hand, taking derivative of s at s = to H5.11|l and couple c(0, T) — 0, we have 
and then 

[Fo,ThAu;s = [c(0,T)], = Af,(0,T)Lj2 

From 



/ M,(0, T)u;l = / [Fo.t]^ a = 
Js Js 



we get M,(0, T) = 0. So we get 



6(0, T) = 0, and Fo,t Aljs ^ {D'^D'^ho^r) ■ h^}r A = 
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Thus 

/io,T € Vo and DqIiq^t ~ 0. 

In this way, we can prove that 

(5.13) rf ^ (0, T) = 0, c^'^') (0, T) = 0, F^'j^ A ws = I^o/io^^ = for any k<m-l. 
When k = m, because of (|5.13|) and H5.10|l . we obtain 

^"^ I ; 1/2 . \ , -1/2 ^(m) , 1/2 . 

|s=0 (fts^T Ps,ThJj. AuJs,T) = n.o,T ^o,t K,t 

and 

Then we get 

Js 

Because F^^^^ huJs^O, c('=)(0, T) = for /c < m - 1, from (|5ll|l . we get 
So using the same method of case /c = 1, we stiU have 

When A; < m, — and we have proven D[^h^ ^ = 0. By direct computation, we see 

Then we still can get 

r|™+'-')(0,r) = 0, c(™^'=)(0,T) = A c^s = for k < m. 

At last we compute r(^'"^(0,r). Directly computing, we get 

and 

Then from (f^^ /ds^^^ |s=o iKr^^s.Thl^^ A wg) = h^l/^FQ^^^hl^^ A W5, we see 



The last term is zero because Z3q*Aq'"-' = and Lemma 2.3 in paper Using 



Ci3 \ f Ti 

C31 C32 C33 



^'"^ = I C23 1 and i/o T = I 




20 



one computes 

/.o.t] Vt]]i = (1 - T-'^%-'^')Cu A ^3 + (1 - Tf/^r,^/^)C3\ A C31 

and 

-[(4") - A<"'^) A (4") - = Ci3 A Cr3 + A C31 

Therefore 

rf"Ho,T) = / (T-3/'r2"^/'Ci3 A c*3 + /'r2^/'c3*i a C31) a 

As the same reason, we have 

^(2™) ^ 1^^^-1/2^-3/2^^^ ^ ^ ril/'T|/^C3*2 A C32) A iUs 

Let = V-T Js A C*3 A ujs and i?3i = - Js '^Si A C'si A lus for i = 1, 2. By our 
assumption, we have Bi^ > and B^i > 0. Then 

rf'")(0,T) = ^/^C2^{i3l3^^'^'T2-^/2 - i33irf/2r2^/2} 



Clearly, rf "^(0, Tq) = if 



(5.14) ro = (Toi,ro2) 



'R \3/8/R \-l/8 /r, \-l/8/r, X 3/8N 



-B3I/ \B32J \B31J \B:}2 



Then we define the map G : B,{To) S^{1) by 

(r2™(0,T),r2™(0,r)) 



G(T) 



(r2"(0,T),r2™(0,r)) || 
or 

(5.15) G((Ti,r2))= ^ ^ -B,,T,T,,B,,T^ - B.^T.T, , 



II (-B13T1 - BsiT^T^ , B23T2 ^ - B32TIT2 ) II 
Then it is easily proven that for e small enough (here e < 1), G is homotopic to 

Q ^ (^13^1 ^,B23T2 ^) ^ (i3l3r2, -623^1) 

^ " II (Bi3rf \B23T2-') II II (S13T2, 523^1) II 

Thus degG = degGi = — 1. Then as discussion of the proof of theorem 4.3 in paper |15j . 
we see that the map for small e enough, 

(n, r2)(s, .) : B,{To) ^ M.^, s e (0, a') 

attains value G for all s G (0, a') in B^{To). So for sufficiently small s, there are solution 
{hs,e'^uJs) to Lg = near {hTQ,(^s)- From our definition of Lg^i, we know that hg^T is the 
hermitian-yang-mills solution on {E,Ds)- From the proposition 13 for Lg, we have gotten 
the irreducible solution of stromingers system on non-Kahler manifold X. Actually we have 
proven 

Theorem 16. Let {E, Hq, S,lus) be as before. Fix its holomorphic structure Dq. Then 
there is a smooth deformation D" of {E,Dq) so that there are hermitia-yang-mills metric 
Hg on (E, Ds) and smooth function <f)s on S such that 

V = n*E,n*D'^,Tr*Hs,^s = 7r*(e"+^=c^s) + ^0 /^ 
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are the irreducible solutions to strominger's system on X and so that linis^o 0s = and 
linis^o Hs is a regular reducible hermitian Yang-Mills connection on E — Li® L2® TS . 

6. Openness 
We should solve the following equation 

(6.1) \/^99e" A ws + 9a(e~"tr((9A A dA* ■ g-^)) + ddu hddu = 

by the continuity method. More precisely we introduce a parameter t G [0, 1] into the 
equation and consider the following equation with parameter 

(6.2) ^/^5ae" A + tdd{e-''ir{dA A dA* ■ g-^)) + ddu ^ddu^Q 
We need the following 

(6.3) Elliptic condition : e'^ujs + \/^te""tr(9^ A dA* ■ g'^) - 2^/^ddu > 0, 
and 



(6.4) Normalization : / e"" = A, / 1 = 1 

Js Js 

So we consider the solution in the following space 

(6.5) B = {ue c"=+2^" I u satisfies the conditions (ESJ and 
Let Co'" = {^pe C"^'" I / V = 0}. Let 

T = {t E [0, 1] I for t the equation (|6.2|) admits a solution} 
Now e T with the solution u = — In A. In this section we prove 
Lemma 17. T is open. 

Proof. Let to E T and u(to) is the solution of the equation (|6.2|) . Define the linear operator 
L from C''=+2'" to C*^^": 

(6.6) L(0) = (%/^59(e"'o ,/)) A - toaa(e^"*o #r(9A A • g"^)) + 2aaut„ A dd<j)). 
The principle part of operator ^^^gi is 

V^Sa^ A (e"*«W5 + V^toe""'otr(9A A dA* ■ g-^) - 2y/^ddut„). 
From elliptic condition 16.3|l . we get: 

(6.7) tj' = e"'«ws + V^toe-"'otr(aA A • 5"^) - 2y^ddut„ > 



So L is the linear elliptic operator. Now Consider the operator G mapping m in _B near utg 
to Co^'": 

(V^99e" A + t99(e~"tr(5^ A 9/1* • .g^^)) + ddu A SSu). 
Then the differential dG of G at Utg evaluated at the derivation (j) is L{(f>)'^. So dG = L It-^^ 
where T„,^S = {</)€ G'=+2'" | / e-"'o,/) = 0} is the tangent space of B at uq. Before proving 
dG is invertible, we introduce the following elliptic operator P (ref. P.224-227 in 1141). 
Because lo'^^ is real and positive, Wj^j can be taken as the hermitian (not Kahler !) metric on 
S. Let 

(6.8) P = V^K, dd 



^We have the formula: —8 . }, = *ddu A ddu. 
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Then P is the ehiptic operator on S. As the operator A of Kahler metric, it satisfies 

(6.9) yzTaa^Ac.;„ = pw^ 

for any smooth function ip on S. Furthermore, operator P and its adjoint operator P* have 
the following properties: 

Lemma 18. (ref. ^) 1. ker(P) = C; 

2. dimker(P*) = 1, and every function 4> G ker(P* |c°°(s,r)) has constant sign. 
5. C°°(5,R) = Im(P |coo(s,R))®M 

Certainly, when k is big enough, the operator P acting on 0^'°^ and P* acting on 
also have the above properties. Now from the definitions of operators i, L* and P, for any 

V' e C"=^"(S',K), 

iIj ■ {V^a9(e"*0(/)) A - to99(e-"*o0tr(aA A dA* ■ g~^)) + 2ddut^ A dd(t>} 

~ J ^dd^ A 

/2 

2! 



Then from Lemma 18, kerL* = kerP = R and keri = kerP* = {R^qIj where 0o is some 
function has constant sign. It is clearly that kerLnT„j^P = 0. So dG is injective. Because 
L is linear elliptic, it is well known that the condition for L{(f>) = ip to have a weak solution 
on S is that ip _L kerL*. The Schauder theory makes sure that e (jk+2,a ^jj^gjj ^ g (7*-''". 
Now for any ip G Cq'", we have ip -L kerL*. So there is a (/>i such that L((/)i) = ?/;■ Take 
Co = — I ^-..t° 1 then 0i + cq^q G "^ut^B and L((?!)i + cq^o) = 0. So dG is surjective. Hence 
ciG of G at is invertible. Thus we can use the implicity function theorem to get the 
openness of the set T. □ 

7. Zero order estimate 

From this section to section 10, we do estimates up to third order to equation p.8|l . Let 
/ — ^^l' II wi IP, where wi is the anti-self dual (l,l)-form on S, then the equation p.8|l is 

, - detfu.-^) 

7.1 A e" + /e-" - 8— p{ = 

det(gij) 

The elliptic condition is 

(7.2) w' = (e" - tfe-'^ps - > 0, 
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and the normalization is 

(7.3) I e'^=A, / 1 = 1 

Timing elliptic condition e" — /e~" > Aw by pe"^", we get 

p(e-f")(e" - /e-") > p(e-f") A u = - A (e-P") + 4 | v(e"")^ P 
Integrating, we see that 

(7.4) /j^^'""^' I'^f X^^^"^'"' 

Applying the Sobolev inequality, we can find a constant C depending only on S such that 
{ I (e-)'^) ^ <C [ {e-r + C [ \ v(e-")« P 
<C [ ie-'')P + [ {e-'^y-^ 

Js 4 Jg 

In the following we use the constant in the generic sense. So C may mean different constants 
in different equations. By H7.5|l and Holder inequality, we get 



2(P-1) 



(7.6) 

We assume that 

(7.7) / e-"" ^A<1 

Js 

We discuss the following two cases: 

„ 2(p-l) 

Case (1): For any p e Z, e^P" < 1. Then (/^(e-")^) < (/^(e"")^) " and from 



Let 22? = 2^^, then 



(e--)2' < C2(2^-i)2 (e-")2'"'^ 



2(1-2 



2''"'-nf",'(i-Tr) 

where the last inequality follows by 
(7.8) n i^^'^'f ^ 2 



2 , „2''+^ 



b=l 
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which can be derived from following calculation: 



/3-1 , 13-1 13-1 2° 

b=l fc=l b=l 



/p-i 

\b=l 
//3-1 



.6=1 

< ( Yl {2^-") 



\6=1 



2° 
b=l 



So we get 



Let /3 — > cxD, we see that 

(7.9) exp(- inf m) =|| e"" ||oo< C (^J (e"") 
where 

oo ^ 

(7.10) i3=J|(l__)>0 

P=i 

To finish our estimate of inf tt, it suffices to estimate || e^" ||2. When p — 2 the inequality 
l|T^ yields 

(7.11) / I V(e-") P< I f e- 

Now from normalizing condition (|6.4|) . we have /^(e"" ~ ^) =0. So by the Poincare 
inequality and 1)7. we have 

I (e^" - A) |2< C / I V(e-" - A) \^< CA 



and 

(7.12) I {e-^'f < A^ + CA<CA 

Js 

Combining (|7.9() and (|7.12() . we get 

(7.13) exp(- inf w) =|1 e"" ||oo< Ci^l^ 
and 

(7.14) infu > -InCi - — InA 

Case(2): There is a integer p such that 6"^" > 1. Let pq be the first such integer. 
Then for any p > pq, by holder inequality, 

g-P" > e-P°"^ ™ > 1 
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From (|7.5|l . we know that 



for p > po 

2(P-1) 



Now using above inequality, discussing as the case (1), we can get the estimate of inf u. 
Furthermore, we stiU have bound (|7.14() with the same B satisfy 1)7. 10(1 . 
Next we estimate sup^M. At first, we compute 



(7.15) 



, detg' u;^ 
^ Uetg 2! 

5 dzidzj detg 2! 



dzidzj 2! Jg dzidzj detg 2! 

Js V 9zi(92;j det 5/2! 



But applying the equation. 



dzidzj detg 

2522 IJn^ + — - - 25,277-7^^- - 2ff2i^^ 1 



(7.16) y^^'dzidzi ■'^^dz2dz2 ''^^dz2dzi dzidz2 J deig 

■-■ d^u detu.j 

= (e"-/e-")(Aii)-2A(e" + /e-") 
Inserting H7.16|l into H7.15|l . we get 

(7.17) 1^ P(e'=«)^|^ > k ^ e'=«(e" ~ /e-«)(Az.)^^ - 2fc e^^ A (e" + /e-")|^ 
On the other hand, using the definition of operator P, we have 



(7.18) 



)d^2! -y/(^ / 



V-iaa(e'=") A ((e" - /e-")w - 2^-159^) 
(e" - /e-") A (e'^")^ + 2 / 9(9(e'=") A ddu 
k J e'="(e" - /e-")(Aj.)^^ + k^ J (e" - /e-")e'=" I I' ^ 
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Combining (|7.17|) and H7.18|l . we see that 

2! 



(7.19) 

= -2fc 



> -2fc / e'^'" A(e" + /e-") — 
JS 2! 

^ e'^-"(e" - /e-")(A«)^^ - 2fc e'="(e" + /e"") | I' 



2k / e('=-i)"(A/) + 4fc / ef''-^)" V w ■ V/ 



Meanwhile, by integrate by part, 



2k I e'=-(e«-/e-")(Aw)^ 



(7.20) = 2k{k + 1) / 6^*^+^)" I 1^ -2fc(fc - 1) / /e('^^i)" | y^* 1^ 

Js Js 



2k 



- /" ef'^-i)" A / - 2fc / eC^-i)" V w • V/ 
1 Js 



Inserting H7.2()|l into H7.19|l and applying Schwarz' inequality, we get 
I (e" - /e-")e^- I P |J 

Js Js Js 



IS JS Js 

'2k{l + I e(^-i)" Af~k [ eC^-i)" | y/ I 



2 



and we find 

k 

(7.21) 



^(fc-i)« I |2 ^2fc(l + -^) / gC^-i)" A / 



Is JS Js 

If we take A > small enough such that 

(7.22) Cf > 1 + sup/ 

then from H7.13|l we see that inf > 1 + sup / and we can estimate 

fc2 / e^'^+i)" I V" I' -fc' / eC^-i)"/ I V" I' -k I e^''-^^" \ V 

>Cfc^ 1^ eC^+i)" I v« P= (^f^ I I V(e'')'*' P 
iTT^ and ifT?^ imply that for all fc > 1, 

(7.24) / I v(e")^ P< C(A: + 1) /"e('=-i)" 

Js Js 
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Now applying the Sobolev inequality and since inf u > 0, we get 



(7.25) 



Let 2fc = 2^. 1(7?^ implies 

6=1 ^•^■S' ^ 



2fi-l 



where the last inequality follows by H7.8I) . Let /? ^ cxd, then we get 

(7.26) snpu=\\u\\^=C (^J {e" f 
So we should estimate || e" II2. When k — 1, inequality (|7.24() yields 

(7.27) / |v(e")P<C 

Let Mu = Jg e", then /^(e" — A/u) = 0. Applying Poincare inequality and H7.27|l . we get 

< C f \ v(e" - Af„) p 



C I I Ve" l'< C 



So there is a constant C2 depending on 5, / and A (recall in (|7.22|l ') such that 
(7.28) / (e")2< ( [ (e")) + C2 



s 



Let Ui ^ {x e S \ cxp(-u(a;)) > ^} and C/2 = {x G 5 | exp(-u(a:;)) < |-}. Then from 
1)7. 13() . we have 

A 



^ = / e-" - / e-" + / e-" < / e 



- inf u 

s JUi JU2 JUt Ju2 2 

= e-'"f'' Vo\{Ui) + ^(1 - Vol({/2)) 

< (^CiAf - I) Vol([/i) + ^ 

Because < S < 1 and < A < 1, we can choose A small enough such that 
(7.29) A<(2Ci)T^ 

28 



then we have 

A 



CiA- - 4 2CiA--^ - 1 



and so 



(7.30) Vol([/2) = (1 - Vol([/i)) < 1 - ^ < 1 

Now we want to use (|7.28|) and H7.30|l to estimate || e" ||2- Applying Young inequaUty and 
Holder inequality, we compute 

2 / „ „ \ 2 



2 / „ \ 2 



e" I = I / + / e- 



(7.31) < ( 1 + - V / ) Vol(;7i) + (1 + e)Vol(C/2) ( / e^" 



2 



4' +7) (3) +<'+''^°"^''(X/i 



1\ ^ 



< (1 + 7) (^) +(l + e)Vol(C/2)( / e 



s 



Inserting ifT?^ and (|73n|) into (|73T|) . we have 



< 1 + - T +t^2(l + .) 1- 



£/ V^/ V 2CiAf-i - 1 



1 X / - x2 



+ (l + e) 1 / 



Taking e small enough such that 



(1 + e) 1 < 1 

/. x2 (l + i)(i)' + C2(l + 6)fl 

\-Js J 1 n I ,^ I 1 1 \ 



then we get 



l-(l + e) 1 ^ ^ 

\ 2CiA"S""'-l 

Now estimate of /^(e")^ follows from H7.28|l and and then estimate of sup it follows from 

8. GRADIENT ESTIMATE 

Let In I \/u p +lnw(u) achieves the maximum at the point qi G S, where v is some 
positive function of u. Then at the point qi we have 

2. _ / v'{u) 2 



(8.1) v(ivwr) = -(^i v^r) v« 
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We may choose the normal coordinate at the point qi such that ^ and = 0. 
Actually because u is real, we can assume that > and = 0. Thus we can assume 
that at the point qi, 

(8.2) diudiu — diudiu — diudiu — ^ | P 
At the point qi , from H8.1|l we can also get 

1 y'(u) 

(8.3) didiu + didiu = didiu + didiu = --— I ? 

2 v(u) 

and 

(8.4) did2u + d2diu = did2u + did^u = 
By the direct calculation, using H8.2|l . we see that at the point qi, 

, 2 ,iS f 3" I V" I' _ 3| yal'ai Vu|' 1 1 detg' 

\ dzidzj dzi dzj I P J detg 

= ig"'^ {didjdpudpu + didjdpudpu)'^ 
— 4g'^^ {didfudidjU + didiudidju)- 



(8.5) 



det g 
det g' 



det g 

+ ig'^^d,d2ud2dju)^^ + 25''^i?" I V" 

det g' 



detg' o„'l7pii I |2 detff^ 



The last term ig'^^ {did2ud2dju)^^ > 0. So we should estimate the first four terms. By 
equation and (|8.1|l . the first term in (|8.5|) is 



det g 

( det w, 



(8.6) 



' {didjdpudpu + didjdpudpu) 



- 2(e" - /e-") V At. • v^i - 16 (^V j ' 

: 2(e" - /e-«){v A u • v4 - 2{v A (e" + /e"") • v4 
: -2(e" + /e-") A 7. I V" I' -2(e" - /e"") | 1^ 
4e-"(vw • V/) I P +2e-" A / | I' 
2(e" + /e-")(v I I' • V ") + 2e-" A u{\ju ■ y/) 
2e-"(vw • V A /) + 4e-"(v(V" • V/) • V^) 
: -2(e" + /e-") A 7. I V" P -2(e" - /e"") | I' 
4e-"(v« • V/) I I' +2e-" A / | v« I' 

- 2^(e" + /e-") I V" I' +2e-" A ^.(vm • V/) 

w(u) 

2e-"(vw • V A /) + 4e-"(v(Vw • V/) • V") 
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But from JHS, 1H!3 and 



V (Vw V/) • 

(8.7) = ' ' (^^^ + ^1^^ + ^^^^^^^ + ^^^^^-^ + ^'^'■^^] ' '^'^ 

> -(C3 I V" I +C3) I V" I' 

wtiere in tlic last inequality C3 depends on sup it, inf m and /. In the following we use 
the constant C3 depending on supu, inf u, / and S in the generic sense. So C3 may mean 
different constants in the different equations. Inserting (|8.7|l into H8.6|l and applying Schwarz 
inequality, then the first term in (|8.5|l is 



4g ^-^ (didjdpudpu + didjdpudpu)- 



(8.8) 



detg 

> -2(e" - /e-") I V" I' +2^(e" + /e"") | V« I' 

v[u) 

+ 2(e" + /e-«)(e" - /e"" - Ai.) | P 
-(e"-/e-"-Aj.)(C3 I V"l +C3) 
- C3 I I' -C3 I I' -C3 I Vw I -C^3 

Next we compute the second term in (|8.5ll : 

— Ag'^^ (didiudidjU + didiudid^u) '^^^ ^ 

det (7 

= -4(e" - /e-")(a,9iMai^M + a^aiwSia^u) 

det u.fA 

(8.9) +^''^d^^^^^^"^^'^'"^ 

= -4(e" - /e-")(5,9iM5i^M + a^aiw5i9ju) 
+ 2(e" - /e-")(Au)(ai9iu + didm) 

+ 2{(e" + /e-") I I' A / - 26"" y " ' V/KSiaiT. + didm). 

But the first two terms in (|8.9|l are equal to 



(8.10) 



From ()8.3|l we have 



- 4(e" - !e'''){d,diudidiU + didiudidiu) 
+ 2(e" - /e-")(A'a)(9i9iu + 9i9iu) 

: 4(e" - /e-")(9iaiM + 9i 91^)92(92" 

- 4(e" - /e-")(a29iuaia2U + d2diudid-2u) 



(8.11) 91^11* + 91^11* = f-^ I ? -Widiu 

v(u) 
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Inserting H8.11|l and (|8.4|l into H8.10|l . and using equation and Schwarz inequality, we 

- 4(e" - fe-''){d^diudidiu + didiudicku) 
+ 2(e" - fe-''){Au){didiu + didm) 

v[uj 

(8^12) ' - + /e"") | V^^ P A / - 2e-" V ' V/} 

> -4(e" - /e-")^U22 I P +(e" - /e-")2(e" - /g-" - A^.) 

- C3 I I' -C3 I V" I -Cs 

> _4(e" - /e-")^u22 I P -C^3 I V« P "^3 | I -C3 

Applying (|8.11(l and Schwarz inequality, the third term in l|8.9(l is 

2{(e" + /e-") I V" P +e"" A / - 2e-" V ^ ' yf}{didiu + didm) 

(8.13) > -2(e" + /e"«)4^ | I' -C, \ V" I' -C3 \ V" P 

v(u) 

- 4{(e" + /e-'') I P +e-" A / - 2e-" V « ' V/}"iI 
Inserting H8.12|l and (|8.13() into (|8.9|l . we get the estimate of second term in (|8.5(l 

det g' 



- 4:g'^Hdidiudid-M + didiudid-ju) 

■' det g 

(8 14) > -2(e" + /e-")^ I V^^ I' -4(e" - /e-")^^^, | f 

- 4{(e" + /e-") I V" P +e~" A / - 26"" y « ' V/}"il 

- C3 I V" I' -C3 I Vw P -C3 I V" I -^^3 

The third term in (|8.5|) is 

^g"^[d,d-^ud2d-^u) ■ ^ 
det g 

= -4(e" - /e-") det(w,j) + 2(e" - /e-")(Au)u22 

- 2 A (e" + /e-") • U22 
= -4(e«-/e-")detK,^) 

(8.15) - 2{(e" + /e-") | V" P +6^" A / - 2e-« y " ' V/}"22 

> ^(e" - /e-")'(e" - /e"" - Au) - C3 | V" I -C3 \ \ju P 

- 2{(e" + /e-") I V" ? +e-" A / - 2e-" V u ■ SJ f}u^2 

> -2{(e« + /e-") I v« I' +e"" A / - 2e-" V « ' V/}«22 

- C3 I I -c^3 1 Vw I' 
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Combine following two terms in (|8.14|l and H8.15|l : 



- 4{(e" + /e"") I V" I' A / - 2e-" y ^ ' V/}^ii 

- 2{(e" + /e-") I I' +e-" A / - 2e-" y « ' V/}^22 

> ^{(e" + /e-'') I V" I' +e-" A / - 26^" y « ' V/}(e" - /e"" - 4j.n) 
+ (e" + /e-«)(e" - /g-" - Au) - {e^^ - /e"" - Au)(C3 | | +C3) 

- C3 I V" I' -C3 I V" P -C3 I Vu I -C3 

> (e" + /e-")(e" - /e"" - Au) - (e" - /e"" - AujiCs \ \ +C3) 

- C3 I V" I' -C3 I V" I' I V" I -C3 
where in the last inequahty we have assumed that 

(e" + /e^") I |2 +e-" A / - 26^" yu-^f>0 

Otherwise we could have gotten the estimate of | V'^' P ^it the point qi. Then combing 
and ifHT^ . we get 

— Ag'^Udidiudid-jU + didiudichu — did2ud2d-^u) '^f^ ^ 
J J J detg 

v[u) v(u) 
- C3 I vu I' -C3 I f -C3 I I -C3 

Let i? = Supp I i?" - |. The forth term is 



(8.17) > -8R I 1 1 vw P> -8i? ((Am)2 - 8 det u^j) ' | v 

> -16i?(e" - /e"" - Au) | V" f -C3 | I 
Inserting H8.8|l . (|8.16(l and (|8.17|l into (|8.5|l . we can see taht 

F(ln I P) I V^^ 

(8.18) 



i2N I „„, 12 detg' 



det 5 

> {(3(e" + /e-") - 16i?) | V" P -C^3 I V" I -CsKe^ - /e"" - Au) 



?j(u) 

- 2(e" - /e-") I I' -Ca | I' -C^ I |' -C3 | | -C3 
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Next we compute 

dot g' 



detg 

v' d^u vv" — v'"^ du du \ det g' 



P{\tlv) 

\v dzidzj dzidzj) detg 

(8-19) = -^(e" - /e-") A u + | ^„ p „ _ 4^^_) 



{(e" + /e-") I r A / - 26"" V " ' V/} 



v[u) v(u) 



vv" - 



From (pni?|) and l|0^ we get 

P(ln I V" P +lnw) I V" 



det g 



(8.20) 



(2(e« + /e--) + ^(e« - /e-")| (e" - /e"" - Ai.) | P 
+ {(e" + /e-" - 16i?) I V" P -C3 I V" I ~C^\(e^ - /e-" - Au) 



Take 
Then 



v(u) 

2 ((e" - /e-") + ^(e" + /e-)) | V" I' 
Ca I I' -C^3 I V« I' -C3 I V" I -C3 



= 4e4sup«-2« ^ 4g2«-4sup« ^ ^ Q 

So the factor first term in H8.20|l is 

(8.21) 2(e" + /e-") + (e"-/e-")^^ >0 

v(u) 

The factor of third term in (|8.20() is: 

vv" - v'2 ,2 . / u J. -m 

2 I Vw 1 +-(e" - fe ") 

1R « 4supM~2M 

(8.22) = I ryu |2 

^ ^2 I V " I g4supu-2u 

1 fi 

> — I ryu |2 „gSupM 

^ g4sup«-2inf u _|_ 3 I V"l ^ 
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Choose A such that 

(8.23) Cj^^A-^ > 7 



i In Y and tJie coetticient ot tortli term m l|?j.^U)l is 

-2|(e"-/e-") + ^(e" + /e-«) 

^4supii — -u o^3u—usupu 

(8.24) > 2- 

— g4supu — 2u _j_ g2u— 4sup'U 
2 4sup«-« _ Q 

> —A > 1 

Choose A such that 

(8.25) CfM"T>16i?+l 

then e'"^" > 16i? + 1. Applying aU above inequaUties, at last we can see that at the point 

2,1 \ I „ |2 detg' 



(8.26) 



0> P(ln I V" I +lnw) I V" I , , 

act g 

> (I V" I' I V" I ~Cs){e^ - /e-« - Au) 
16 , ,2 



g4supu— 2infu -[-1 I 

Vu I" -C3 I V" I' I V" P I V" I -C-a 



From above inequality, we can easily see that there is a constant C4 depending on /, M, 
supu and inf u such that | V'" P (9i) ^ C4. 

Since In | sju ^ + in(e^'^"P"~^" + e^"~''"P") achieves its maximum at gi, we get the bound 
of I V" 



.27) 



f ^Asnp u—2u(q) i J2u{q)—A sup ttX 
^1 — ^g4supu— 2u _j_ g2it — 4supii^ 

^g4 sup u — 2 inf w _j_ g2 inf 4 sup -u^ 



< Ca 



9. Second order Estimate 

We now do the second order a priori estimate of u. Since (e" — fe~'^)gfj — Adidju is 
positive definite, to get a second order estimate of u it sufficient to have an upper bound 
estimate of e" — /e^" ~ Au. We fix a point 52 and choose normal coordinate at that point 
for g^j. Let g'^^ ~ (e" — f^~")9ij — 4:didjU. We rewrite the equation as 

det g'. 

(9.1) TT^=P 

det g,j 

where 

(9.2) F = (e" - /e-")2 + 2{(e" + /e-")^ | |' A / - 2e-" V ^ ' V/} 
Differential H9.1|l . we have 
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We differentiate (|9.3|l again and obtain 



-do' -do'-. - d^g'. 
dzi dzk dzkdzi 

dzi dzk dzkdzi F dz^dzi dzk dz. 



or 



dzidzjdzkdzi dzi dzk ' dzudzi 



(9.4) _ g^^gPJ ^9m %J ^ d'^m 



dzi dzk dzkdzi 
1 d'^F 1 



Contracting H9.4|) with g^^ and using the fact that the metric g^^ is Ricci-flat, we have 



(9.5) ^' 

-L A F - — g'^' Ar/V ^ 



2F F"^ dzk dzi ' dzidzj dz^dzi 



Timing ^'^ to above equation and using (|9.8(l and H9.1(l . we see 



detfl'. - - fdq'-dg'. dg'. do' -\ detg'.. 



det gij \ dzk dzi dzk dzi I det g^j 

(9.6) +1 A^^-iA(e"-/e-")^ 



-det g'.. 
,=1 detftj 



+ 4g 



dzidzj dzkdzi 
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Now we compute at the point q2 



,r - dq'-dg'- do'-, do' -\ detg'. 

ydzk dzi dzk dzi j detg- 
,r - ■ ^ dq'-dg' -. deig'.-. 

^ ^ ^ ^ ^dzk dzi det5,j 
kifdg'.-idg'.. , dg'.^dg'^, dg'.,dg'^^ dg'^^dg'.. 



16 E 



\ 9z/ dzk dzi dzk dzi dzk dzi 
d'^u d^u d^u d^u 



(9.7) 



dzidzjdzk dzjdzidzk dzidzidzk dz-jdz-jdzk 

d'^u a(e"-/e-") ^ 9(e" - /( 

^ dzidzidzk dzk ^ dzidzidzk dzk 

die"" - /e-") a(e" - /e"") 



dzidzjdzk dzjdzidzk ^ dzidzidzk dzjdzndzk 
+ 2 V (Au) • V(e" - /e-«)- | v(e" - /e"") P 
> -2 I V A u p +2 V (Aw) • v(e" - /e"") - C5 



where C5 depends on /, M and u up to one order derivation. In the following we will use 
C5 in the generic sense. Because we want to estimate the upper bound of e" — /e~" — Am, 
we assume that e" — /e~" — Am achieves the maximum at point q2 and we take the normal 
coordinate at this point for gfy So at the point 52 j we have 



(9.8) vAm = v(e"-/e-") 



Inserting H9.8|l into (|9.7|) and then inserting (|9.7|l into H9.6|) . we obtain 



deto'- 1 .-. d'^a^^ d'^u 



P(_ A u)- ^ > - A F + 4g"^ 



det gij 2 dzidzj dzkdzi 
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At first, we deal with the second term in above inequality. Using equation, Schwarze in- 
equality, and the fact metric g^^ is Ricci-flat, we have 



dzidzj dzkdzi 



= -16 



(9.10) 



{Q2gkl q2^ a^^fc! q2^ 

dzidzi du2dz2 dz2dz2 duidzi 



a„ki 



16 • 



0^9 



dzidz2 du2dzi 
> -64(maxi?-fc,-)^ | v 



d g d u 
dz2dzi duidz2 

|2 



dzkdzi 
dzkdzi 



= -16(maxi?-fe,-)(Au)2 - 16(maxi?-fe,-) x i 

= -16(maxi?,.fe,-){(Au)2 - A(e" + /g-")} 
> -16(maxi?-fcj-)(Au)2 - Cg A u - C5 



det 

1, II 

det 5 - 



We also have 



(9.11) 



1=1 



,^det^ 
det 



2(e" - /e-" - Au) 



Inserting H9.10|l and (|9.11|) into 



we obtain 



(9.12) 



det g'. 
det .g - 

> ^ A - A(e" - /e-")(e" - /e"" - Au) 



~ 16(maxi?-fc,-)(Au 
>^AF+{{e- + fe-^ 



16(maxi?,.;,^)} {Auf -C5AU-C5 



So we should compute 



(9.13) 



AF = A(e" - /e-")^ + 2 A (e" + /e"") | P 

+ 2(e" + /e-") A (| V" H + 2 V (e" + /e"") • v(l P) 

+ 2 A e-" A / + 2e-" A^ / + 2 V e"" • V A / - 4 A e"" V ^ ' V/ 

- 4e-" A (VM • V/) - 4 V e"" • v(V^t ' V/) 

> +2(e" + /e-") A (| P) + 2 V (e" + /e"") • v(l H 

- 4e-" A (vu • V/) - 4 V e"" • v(Vw • V/) - C^s A m - C5 
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Using H9.8|l and the equation, we have 



(9.14) +4.9 .9 



f 9u d'^u du 

\ dzidzkdzk dzi dz^dzkOzk dzi 

dzidzk dzidzk dzidz^ dzidzk 



- V A li • v« + (Au)' - 8-7—^ + ^cf'g'^u.ku-fi 

det (^jj 

= V(e" - /e-") • V" + (Au)2 - A(e" + /e"") + V^^g'^Wwj, 
> (Au)2 + 4r - Cs A M - Cs 

where we let T = g^^ g''^ UikUjj (see next section). Using H9.8|l and schwarz inequahty, we also 
have 

(9.15) 4e-" A (v^^ • V,/) > -^^5 ^ I \ -CsF^ - C5 



and 



2 V (e" + /e-") • V(l V« H " 4 V e"'' • v(V" ' V/) 
H I 



Then inserting and 1^1^ into (jHHSl, we see 

AF > 2(e" + /e-")(A'u)2 + 8(e" + /e-")r - C5 A u 

- V I I -Csr^ - C5 
(9.17) i"^ 

> 2(e" + /e-")(A^i)2 - C5 A u - C5 ^ | | -C5 



Inserting H9.17|l into H9.12|l . we obtain 

det g'.-. 



P(- A k)— ^ > {2(e« + /e-'') - 16 (max i?,.,,-)} {Auf 
(9.18) 

- C5 A w - C5 ^ I I -C5 



39 



Next we compute 

det g'. 



P(e"-/e-")- 



det gfj 

= 2g 



,,,92(gn_Jg-«)det4 



dzkdzi det 

= A(e" - /e"") - 2(e" + /e"") A (e" - /e"") 

— 8(6"" — /e~") ''^{didiudjudjU — didjudjudiu] 

— Be""" ''^{didiu{djudj f + djudjf) — did-ju{djudif + diudjf)} 

> -C5 A - C5 ^ I I -C5 
Combining (|9.17() and l|9.19|l . we obtain 

det g'.. 



P((e" - /e-" - Au) 

> 

(9.20) 



det gij 

> {2(e" + /e-") - 16(maxi?,.,,-)} (Au)^ 
- Cs A u - C5 ^ I I -C5 



^5 
y 

> (Am)2 - C5 a w - C5 

because we have chosen A such that A satisfies (|8.25|l , from which we can get e'"f" > 16i?+l. 
Because we assume that e" — /e~" — Au achieves the maximum at point q2, then (|9.2U|) 
reads as 

(9.21) {Auf - C5 Au- C <0 

Then we can easily get the upper bound estimate of e" — /e^" — Au. 

10. THIRD ORDER ESTIMATE 

Let 

r = g'^g'^'u^kUji 

Q ^ g'^^g'^h'^'u^jM 



,Tr 7 fkl fpq Irs 



ilpr ^jkqs 
ilps^jkqr 



We want to compute 

(10.1) P{{ki - Au)e + K2(m - Au)r + K3 \ \/u \^ T + K4T) 



40 



where all Ki are positive constants and m is a fixed constant such that ni — Au > 1 and 
m — Am > 0. In the following computation, when we use some basic inequalities such as 
Young inequality, Schwarz inequality, we will not mention it. We will use rrii to denote some 
positive constant which depend on /, M and u up to second order derivations and use Cg as 
the constant in generic sense. We take our calculation at the point (73 and pick the normal 
coordinate at this point such that gij = Sij, dgfj/dzk = dgqjdzk — 0. Now we compute 
every terms in H1().I|1 . At first we compute 

P(| V" n = 4g'"^5„9^(5^^^u.uj) 

> miF - Cges - Ce 
Next we use equation (|9.4|) to compute: 



P(- A u) = -4.g'"''5 



/af3 ij 



u 



dzidzjdzadzp dzadzj dzidzj 



= l&g"^^g"^Pg^'u,-p^u-^^^ 
(10.3) - 45'"V'^g^^^(u,^„9-(e" - /e-")g,p + u-,^d,{e:^ - fe-^)g^p) 

+ F-^g^^did-jF ~ F-^g'^d.,FdjF - Cg 

> m^e - Ceg'^d,dj{\ vu f ) - Ceg''d,{\ V" I') 

> m^e - CeT - Ce 

Certainly we should also calculate: 

+ 2g'^^d^df;{g''^g'''){u,kuji) - C,T 
> + TO30 — eiK^ ^<i> — CQK4^e^^T 



(10.4) 



Combining (|10.2() and H10.4|l . we can estimate 

p(| vH'r) 



(10.5) 



= p(| v^nr+l v« I'm 

+ 25'"^(9„(l V" P)a^r + 9^(| V" na„r) 

> miF^ - CeQ^r - C6r+ I vw P (maS + 77136 - ei$ - Ceer^r) 

-C6r5(e^ + S5 +r5)r^ 
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Combining (|10.3|) and H1U.4|I . we get 



P{(m- Au)T) 

^ P{- A u)r + (rn - Au)P(r) - 2g'"'^{(9„(Au)a^r + d0{Au)dar} 
(10.6) > (m2e - CeT - C6)r + (m - Au)(m3S + mgO - ei$ - Cee^^r) 



Now we deal with 



P{{ki ~ Au)e) = P(ki - Au)e + (ki - AM)P(e) 



Applying (|10.3() . we get 

(10.8) P(ki - Au)e = msS^ - C'eTQ - CqQ 



Let (ki — Au)Q + K2{m — Au)T + K3 | p F + K4T achieve the maximum at the point 53. 
Then at the point q^, we have, 



= —{edp{m - Au) + K2dp{{m - Au)T) + K^dpH \/u p T) + KidpT} 



and 



g'"'5{9„(Ki - Au)dpe + a^(Ki - Au)a„e} 

2Re 3-/5 J^!^{_(Au)^e - n2{Au)^r + H^r 



1 ^ „ 3 



(10.9) -Ce ... 

> X + KaO^r + K3r2 

Kl — Au 



1 1 1,1 



+ (k2 + k3 + K4)(e5 + S2 + )r5} 
> "'^^^ {6^ + (k2 + k3 + K4)(er + e + r + s) + ksT^} 

Kl — Au 
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At last we should estimate of -P(O). We follow paper |[23j. We can get: 
(10.10) 

P(e) =2g'"'5[ 25'*'*g"'Pg'«*'g'"J^.g"=* + 2g"^ g"^'' g'^"" g"'^ g'^^ 
+ 2g"Pg"i''g""'g"''^g'^^ + 2g"^ g''^'^ g"'^ g'^"" g""^ 

I /zr /sp /oa /fc? /fci , lif fsp fqj fka fbi-\ 

+ 9 9 9 9 9 + 9 9 9 9 9 \ 
X dag'bad^g'pqUfjkUrst (Arst class) 

- 2g'°''^[2g"Pg""'g"'^g"'^ + g"^ g"P g"'h"'^] 

X [9p9pqUijkaUfst + dag'qpUf^tpUqk] (second class) 

- 2g'°'^[2g''Pg"'^g"'^g"''^ + g"^ g"P g'''^"'^] 

g'qp^ijkp'^fsi] (third class) 

- 2g"^~^[2g"Pg"i'g'^^g'^' + g'^' g'^^ g"" g"''] x d^dpg'^^u^^kU.si (forth class) 
+ 2g'"^5'^*^5'"J5"=* X [ufjf^p^Ufst + "^jfcWf.t^al (fifth class) 

+ 2g"^f^ g'^'' g""^ g""^ x [u^jfe^u^^ta + w^jtoMfst^] (sixth class) 

-Cee 

Comparing with (A. 8) in ^31 1 we should deal with some classes in H10.10() . The first class 
is: 

(10.11) =2g'"'55''^5'''V''5'^^^5'''(-4^^6s.)(-H-,^)«,jfc^^,st 
-e2[ni- ^u)~^Q^ -Cq 

The second class is 

-2g"^l'g'^Pg"^'g'^h"''d-pg',^u,^k.u,,i 
^2) ^ -45'"'^0"^"g"^"5"^^5"%((e" - fe^^gpq - ^Upq)u.,-^^u,,, 

= -^g'''h''h''' 9''' 9''\-^u^qSi)UQkM 
- ei(Ki - Au)"^$ - (ki - AM)e];^e 

As the same reason, the third class is: 

-2g''^'^g'^Pg''i^g'^^g'^^d^g\^u,-^jiU,,^ 
(10-13) > -2g'"'^5'V^5'^?5'^-*(-4j.,p-„)u,,^fc^-^x,,,- 

- ei(Ki - Au)~i* - (ki - AM)ej;'ie 

Next we deal with the forth class. We take the normal coordinate at the point ^3. Then 
according to section 1 in |231, by direct calculation, we can get 

= dpdadpdqU - Uq^El^^ = d^daOpOqU - Cq 
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So by 



(10.14) 



> ~2g'^'^g'^Pg">^g'^^g'^\-Aup^^^)u,^^u,,-,-C^Q 

- 2g'^Pg'^'g'^'^g"'' {p-'F.p - F'^F.Fp] u^^,^ 
>-2/P5'«'^g'^^^g''=*5'"^g'^'5(-4zia,p)(-4^.„^,)^.,.,zi,,,- 

- CgOr - m2/8(Ki - Au)-ie2 - C6(ki - A'u)e 



Now we deal with the fifth term. By direct calculation, we have 



+UpJ^a^0{gP'^^k{g^q)) 



Differentiating l|9.4|l and using above equality, we can deal with the fifth class: 



(10.15) 



+ ^5'^'5'^^^5"H-^"'^,:Jfe + F-\FkF,j + F,Fj, + FjF,,) 
-F-^F,FjFk}u^,i + Cee 

g'^^g'^^g"^-^g'-P[-Au,pkW-0,^U,,-, + C,Q 

+ 9"'g'''g"''9"'''9"'^{{~^n^pk)up,jk + {-^Up^W-0,k)}nfst 

- g'^'g'^^g"^\g'---g"'Pg"i'P + g'" V^ff'"^) (-4^,^.) (-4^,-,j)u„^,^,,,- 

- ei(Ki - Au)"i($ + *) - C6er^('«i - Au)e - CeGr - CgF^ 



44 



Inserting (|10.11|) - (|10.15|l into (|10.1U|I . diagonalizing and simplifying, then comparing to (A. 8) 
and (A. 9) in 23 , we obtain 

p 



Ki — Au I 4 J 



, 3ei _ "^2/4 + 6, + Ce., _ ^^^^ _ _ ^^^li_A»Q 



(10.17) 



^1 — L\U K,i — l\u ei 

Ki — Au Ki — Au ei 

Inserting ifTID^ . lfT?n?| and p().16|l into (fTir7|l . and then inserting (fTir7|l . (fTin|l . (fTITK)! and 
l(TICT into ((Tin|) . at last we obtain 

P{{ki - Au)e + K2{m - Au)T + K3 \ sju {"^ T + KiT) 

> 7712 T -. £2 - Ceei e 

\ Ki — Au 4 / 

7712^2 - Ce{Kl - Au) ^'^ (k2 + K3 + Ki) ~ Cq] OT 

Hi — Au J 

miK3 ^''^ K3 - C6K2 ) 

Kl — Au / 

m^Ki 7— {1^2 + K3 + K4) - Ce{K2 + K3)] ^ 

Kl — Au J 

-C6(At„ei)(e + r) 

Now we can think the generic constant C is fixed, because we can take the biggest one. Fix 
ei and £2 such that £2 + Ceei = Take ki big enough such that ^^"^^^ < then 

(10.18) U - -^-^2- Ceei) > ^e^ 

\ Kl — Au 4 / 4 

Let 

fci = for i==2,3,4. 

Kl — Au 

We choose k2, and ki such that 

fc2>-^ + l 

m2 
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and 

ki > Ge 

Then if we choose ki big enough, we have 



(10.19) 



(10.20) 



and 



7712^2 - Ceini - Au) {k2 + H3 + Ki) - Cq] QT 

Kl — lAU / 

> (m2(Ki - Au) - Ce{k2 + fcg + ^4) - C6)er > ^kiOF, 

\ T^2 

Kl — lAU / 
> (mifc2(Kl - Au) - C6k3)T^ > ^fc2Kir2 



'713^4 (^2 + K3 + K4) - Cg{k2 + K3) ) 

Kl — Au J 

> {msini - Au) - Ce{ki + k2 + fc3))S > — ^i^ 



(10.21) 

Inserting CM, lITir^ and CM), we see that 

> p((ki - Au)e + K2{m - Aii)r + K3 1 p r + K4r) 
> — e + — KiOr + — fc2Kir + — ki.^ 

Above inequahty gives an estimate of the the quantity sup^O and sup^F. This in turn 
gives the estimates of u^jf. and Uij for all k. 

11. Solving the equation 
In conclusion, we have proved the following 

Proposition 19. Let S be a K3 surface with C'alabi-Yau metric los- Let u be a real-valued 
function in C^{S) such that Jg e^"^ = A and (e" — fe'^)u!s — 2\/—lddu defines another 
hermitian metric on S. Suppose 

det Uj^ 

A(e"-/e-") = ;r-^. 

det g^j 

If 

(11.1) A < min|l,Cf ^ (max{7^(2Cl)^(l + sup/),16(maxi?-fc;-+ 1)} 

where Ci is a constant only depending on S , then there is a constant Cq depending only on 
S, sup/, sup I v'/ 1; '^^d A such that snpg \ u |< Co, sup^ | \^ C'o, sup^ | Ujj |< Cq, 
SUPs I Wjjfe |< Co. 

By above Proposition, we see that T is closed. Combining Lemma 17, we get the proof 
of Theorem 2. 
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12. The general case 



Timing the elliptic condition e"ws + V^e""tr(MA9A* ■gg^)-2^/^^^u > by pe'^" 
and integrating, then we can get H7.4|l : 

/ I Ve-^^ I' f < i / e-(^-^)"f + f / e-(^+i)''^tr(9^ A • g-^) A c.^ 
- 2! 

because •\/~ltr(^^ ^ f^^* • .9^^) A < 0. Then we can follow the discussion in section 7 
to get the estimate inf m > — InCi — -j In A. If A is small enough, we can get inf u > big 
enough. So the term e" is always control the term such as e~" | tr(9yl A dA* ■ g^^) \ and 
the all estimates can be derived as the particular case. 
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